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Abstract
Let X be a reflexive Banach space. We introduce the notion of weakly almost nonexpansive sequences
(xn)n0 in X, and study their asymptotic behavior by showing that the nonempty weak ω-limit set of
the sequence (xn/n)n1 always lies on a convex subset of a sphere centered at the origin of radius
d = limn→∞ ‖xn/n‖. Subsequently we apply our results to study the asymptotic properties of unbounded
trajectories for the quasi-autonomous dissipative system du
dt
+ Au  f , where A is an accretive (possibly
multivalued) operator in X ×X, and f − f∞ ∈ Lp((0,+∞);X) for some f∞ ∈ X and 1 p < ∞. These
results extend recent results of J.S. Jung and J.S. Park [J.S. Jung, J.S. Park, Asymptotic behavior of nonex-
pansive sequences and mean points, Proc. Amer. Math. Soc. 124 (1996) 475–480], and J.S. Jung, J.S. Park,
and E.H. Park [J.S. Jung, J.S. Park, E.H. Park, Asymptotic behaviour of generalized almost nonexpansive
sequences and applications, Proc. Nonlinear Funct. Anal. 1 (1996) 65–79], as well as our results cited below
containing previous results by several authors.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let X be a real Banach space; the norms of both X and its dual X∗ are denoted by ‖·‖; we
denote weak convergence in X by w-lim, and strong convergence by →. For notions concerning
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B. Djafari Rouhani / J. Differential Equations 229 (2006) 412–425 413the geometry of Banach spaces, m-accretive operators, nonlinear semigroups generated by them,
weak and integral solutions, etc., we refer to [3–7,12–14], recalling only the basic facts. The
asymptotic behavior of unbounded orbits for nonexpansive mappings in a Hilbert space H was
first studied by Pazy [20]. Extensions of his result to more general Banach spaces and to non-
linear contraction semigroups were subsequently studied by many authors, e.g., Baillon, Bruck
and Reich [2], Kobayasi [18], Kohlberg and Neyman [19], Plant and Reich [22], Hulbert and
Reich [15], and Reich [23,24]. The study of (almost) nonexpansive sequences and curves arose
in connection with the study of the asymptotic behavior of iterates of nonexpansive mappings, as
well as solutions to nonlinear evolution equations governed by accretive operators, in situations
where the domains of such mappings may not be convex, or the accretive operator may not be
m-accretive, or more generally may not satisfy the range condition. The asymptotic behavior of
such a sequence or curve follows solely from inherent properties of the sequence or curve itself
and the underlying space. These studies were carried out in [9,11] for nonexpansive sequences,
and in [8,10] for unbounded solutions to the quasi-autonomous dissipative system:{
du
dt
+Au  f on (0,∞),
u(0) = u0, (1.1)
where A in an accretive (possibly multivalued) operator in X, and f − f∞ ∈ Lp((0,+∞);X)
for some f∞ ∈ X and 1 p < ∞. Also Jung and Park [16] used a Banach limit technique due
to Takahashi [27], and Jung, Park and Park [17] applied their results to some nonlinear evolution
systems. In this paper we introduce the notion of weakly almost nonexpansive sequences (xn)n0
in a Banach space X and show that the weak ω-limit set of the sequence (xn/n)n1 always lies
on a convex subset of a sphere centered at the origin of radius d = limn→∞ ‖xn/n‖. Then we
apply our results to study the asymptotic properties of unbounded trajectories for system (1.1).
These results extend our results in [10], and show, among other things, that the results [17] follow
directly by the methods in [10]. We remark also that it appears the results we obtain in this paper
are new even when applied to solutions of nonlinear evolution equations governed by m-accretive
operators.
2. Preliminaries
Definition 2.1. Let (xn)n0 be a sequence in X satisfying ‖xi+1 − xj+1‖  ‖xi − xj‖ +
(i, j), ∀i, j  0, where (i, j) 0, ∀i, j  0.
(a) {xn} is said to be weakly almost nonexpansive if: ∀ > 0 ∃k0 such that
lim sup
n→∞
(
(n, j)
n
)
 , ∀j  k0, i.e. lim
j→+∞ lim supn→+∞
(
(n, j)
n
)
= 0.
We recall that in [10], such sequences were said to satisfy property (3.1).
(b) {xn} is said to be almost nonexpansive if ((i, j))i,j0 is bounded and limi,j→∞ (i, j) = 0.
Similarly, let (u(t))t0 be a curve in X (i.e. a continuous function u from [0,+∞) into X),
satisfying: ∃δ > 0 such that
∥∥u(t + h)− u(s + h)∥∥ ∥∥u(t)− u(s)∥∥+ (s, t),
∀s, t  0, ∀h ∈ [0, δ], where (s, t) 0.
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lim sup
s→+∞
(
(s, t)
s
)
 , ∀t  t0, i.e. lim
t→+∞ lim sups→+∞
(
(s, t)
t
)
= 0.
(d) u is said to be almost nonexpansive if ((s, t))s,t0 is bounded and lims,t→+∞ (s, t) = 0.
(Note that in the above definition, h ∈ [0, δ] may be replaced by h belonging to any bounded
interval [0,N ].)
Notation 2.1. R+ denotes the set of all non-negative real numbers. For a subset A of X, clcoA
denotes the closed convex hull of A in X, and for x ∈ X, d(x,A) = infz∈A ‖x − z‖, Sd =
{x ∈ X: ‖x‖ = d} and SX∗ = {x∗ ∈ X∗: ‖x∗‖ = 1}.
Given a sequence {xn} in X, we denote:
Cn = clco
{
(xi+1 − xi)in
}
and C =
∞⋂
n=0
Cn,
Kn = clco
{(
xk − x0
k
)
kn
}
and K =
∞⋂
n=1
Kn.
ωw({xn}) denotes the weak ω-limit set of the sequence {xn}, i.e. z ∈ ωw({xn}) ⇔ ∃nk such that
w-limk→∞ xnk = z.
If ‖xn/n‖ is bounded and X is reflexive, then C and K are nonempty. It is easy to show that
if Hn = clco{(xk/k)kn} and H =⋂∞n=1 Hn, then H = K (see [11, Remark 1]).
Now we recall some basic facts about the geometry of Banach spaces, accretive operators,
and integral solutions to (1.1).
(a) We denote by J the duality mapping from X into the family of all nonempty closed convex
subsets of X∗, 〈x∗, x〉 denotes the pairing between X∗ and X. Then the following inequality
obviously holds:
〈j, x − y〉 = ‖x‖2 − 〈j, y〉 1
2
(‖x‖2 − ‖y‖2), ∀x, y ∈ X, ∀j ∈ Jx.
(b) If X is reflexive and strictly convex, every nonempty closed convex subset K of X is a
Chebyshev set (see [13,14]). In this case, we denote by PK the nearest point projection map
from X onto K .
(c) The norm of X is Fréchet differentiable if for each x ∈ S1, limt→0( ‖x+ty‖−‖x‖t ) exits uni-
formly for y ∈ S1. We recall that X∗ has Fréchet differentiable norm if and only if X is
reflexive, strictly convex and has Kadec–Klee norm (see [12]).
(d) A subset A of X × X with domain D(A) and range R(A) is called an accretive (possibly
multivalued) operator in X if
‖x1 − x2‖
∥∥x1 − x2 + λ(y1 − y2)∥∥, ∀(xi, yi) ∈ A, i = 1,2, ∀λ > 0.
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∃f ∈ J (x1 − x2) such that 〈f,y1 − y2〉 0, ∀(xi, yi) ∈ A, i = 1,2.
A is said to be m-accretive if A is accretive and R(I + A) = X; in this case R(I + λA) =
X, ∀λ > 0, and −A generates a nonlinear contraction semigroup (S(t))t0 on D(A). In fact,
this holds even if A satisfies the range condition, i.e. R(I + λA) ⊃ D(A), ∀λ > 0.
Denoting (x, y)+ = ‖x‖ limt→0+((‖x + ty‖ − ‖x‖)/t) we know that (x, y)+ =
maxf∈Jx〈f,y〉. Then A is accretive if and only if (x1 − x2, y1 − y2)+  0, ∀(xi, yi) ∈ A,
i = 1,2 (see [3,6,7,13,14]).
(e) An integral solution to (1.1) on [0, T ] is a curve u(t) on [0, T ] satisfying u(0) = u0 and the
inequality
1
2
∥∥u(t)− x∥∥2 − 1
2
∥∥u(s)− x∥∥2 
t∫
s
(
u(θ)− x,f (θ)− y)+ dθ,
∀(x, y) ∈ A, 0 s  t  T
(see [3,4]).
3. Asymptotic properties of weakly almost nonexpansive sequences
In this section we study the asymptotic properties of weakly almost nonexpansive sequences
in a reflexive Banach space, and then show that every almost nonexpansive sequence is weakly
almost nonexpansive. We need the following lemma whose proof is contained in the proof of
[10, Theorem 3.1].
Lemma 3.1. Let (xn)n0 be a weakly almost nonexpansive sequence in a Banach space X.
Assume that xn/n is bounded. Then there exists x∗ ∈ X∗ such that
lim inf
k→∞ 〈x
∗, xk − xk−1〉 ‖x∗‖2 = lim
n→∞‖xn/n‖
2.
Proposition 3.2. Let (xn)n0 be a weakly almost nonexpansive sequence in a Banach space X
such that {xn/n} is bounded, and let d = limn→∞ ‖xn/n‖. Then ωw({xn/n}) ⊂ K ∩ Sd . More-
over if ωw({xn/n}) = ∅, then K and C are nonempty and d(0,K) = d(0,C) = d .
Proof. If ωw({xn/n}) = ∅, then the result is clear. Otherwise, let z ∈ ωw({xn/n}), and assume
that w-limk→∞ xnk/nk = z. Then we clearly have z ∈ H = K ⊂ C. Hence K and C are non-
empty.
For each x∗ ∈ X∗, we have
〈x∗, z〉 = lim
k→∞
〈
x∗, xnk
nk
〉
 ‖x∗‖d.
Therefore ‖z‖ = max{〈x∗, z〉: x∗ ∈ X∗, ‖x∗‖ 1} d .
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〈x∗, xk+1 − xk〉 d2 − , ∀k  k0.
Then for this x∗ we have: 1/2d2 + 1/2‖u‖2  〈x∗, u〉 d2 − , ∀u ∈ Cn with n k0.
Hence we get: 1/2d2 + 1/2‖u‖2  〈x∗, u〉 d2 − , ∀u ∈ C. Since  > 0 was arbitrary, we
deduce that
1
2
d2 + 1
2
‖u‖2  〈x∗, u〉 d2, ∀u ∈ C.
This implies that d  ‖u‖, ∀u ∈ C, and hence d  d(0,C)  ‖z‖. We showed therefore that
‖z‖ = d , and hence z ∈ K ∩ Sd . Therefore ωw ({xn/n}) ⊂ K ∩ Sd . On the other hand, since
z ∈ K ⊂ C, we have:
d  d(0,C) d(0,K) ‖z‖ = d,
which implies that d(0,K) = d(0,C) = d , completing the proof of the proposition. 
Theorem 3.3. Let (xn)n0 be a weakly almost nonexpansive sequence in a Banach space X such
that {xn/n} is bounded, and let d = limn→∞ ‖xn/n‖. Let
L =
{
x ∈ X: d‖x∗‖ 〈x∗, x〉 lim inf
n→∞
〈
x∗, xn
n
〉
, ∀x∗ ∈ X∗
}
.
Then L = ∅ if and only if K ∩ Sd = ∅, and we always have: ωw ({xn/n}) ⊂ L = K ∩ Sd . In
particular, K ∩ Sd is convex.
Proof. The first inclusion follows from Proposition 3.2, and obviously L is convex. Thus it need
only be shown that L = K ∩ Sd . To this end, we show that if L = ∅ then L ⊂ K ∩ Sd , and if
K ∩Sd = ∅, then K ∩Sd ⊂ L. Let x ∈ L. Choosing x∗ ∈ SX∗ so that 〈x∗, x〉 = ‖x‖, we conclude
that ‖x‖ d .
If d = 0, then x = 0, hence ‖x‖ = d = 0, and K = {0}, thus L = K ∩ Sd = {0}; so we assume
d = 0.
By Lemma 3.1, there exists x∗ ∈ X∗ such that
lim inf
n→∞
〈
x∗, xn
n
〉
= lim inf
n→∞
〈
x∗, xn − x0
n
〉
= lim inf
n→∞
〈
x∗,
∑n−1
i=0 (xi+1 − xi)
n
〉
 lim inf
n→∞ 〈x
∗, xn+1 − xn〉 ‖x∗‖2 = d2;
hence
d2  d‖x‖ = ‖x∗‖ · ‖x‖ 〈x∗, x〉 lim inf
n→∞
〈
x∗, xn
n
〉
 ‖x∗‖2 = d2.
Thus ‖x‖ = d , i.e. x ∈ Sd .
B. Djafari Rouhani / J. Differential Equations 229 (2006) 412–425 417To see that x ∈ K , assume for a contradiction that x /∈ Kn for some n. Then by the Hahn–
Banach theorem there exists x∗ ∈ X∗ and α ∈ R such that
〈x∗, x〉 < α <
〈
x∗, xk − x0
k
〉
, ∀k  n.
This implies
〈x∗, x〉 < α  inf
kn
〈
x∗, xk − x0
k
〉
 lim inf
n→∞
〈
x∗, xn
n
〉
 〈x∗, x〉
which is impossible. Therefore L ⊂ K ∩ Sd . For the reverse inclusion let z ∈ K ∩ Sd . To see that
z ∈ L, observe first that 〈x∗, z〉 ‖x∗‖ · ‖z‖ = d‖x∗‖. Since z ∈ K , there is a sequence of convex
combinations of {(xi − x0)/i} say of the form
kn∑
i=n
λi,n
(xi − x0)
i
,
where kn  n, λi,n  0 and
∑kn
i=n λi,n = 1, which converges strongly to z as n → ∞.
For  > 0 there exists n0 such that for all n n0 we have∥∥∥∥∥z −
kn∑
i=n
λi,n
(xi − x0)
i
∥∥∥∥∥ 
and lim infn→∞〈x∗, xnn 〉 〈x∗, xn−x0n 〉 + . Thus, for n n0,
lim inf
n→∞
〈
x∗, xn
n
〉

〈
x∗,
kn∑
i=n
λi,n
(xi − x0)
i
〉
+   〈x∗, z〉 + (1 + ‖x∗‖).
Since  > 0 was arbitrary, we deduce that
lim inf
n→∞
〈
x∗, xn
n
〉
 〈x∗, z〉
for all x∗ ∈ X∗, proving that z ∈ L, and completing the proof of the theorem. 
Remark 3.1. Proposition 3.2 and Theorem 3.3 extend respectively Proposition 1 and Theorem 1
in [11] to the case of weakly almost nonexpansive sequences in an arbitrary Banach space.
It follows now from [10, Propositions 3.3 and 3.4] that every almost nonexpansive sequence
(xn)n0 in X is weakly almost nonexpansive and limn→∞ ‖xn/n‖ exists. Therefore the conclu-
sions of Theorem 3.3 hold for such a sequence as stated in our next theorem.
Theorem 3.4. Let (xn)n0 be an almost nonexpansive sequence in a Banach space X. Then with
the same notations as in Theorem 3.3, L = ∅ if and only if K ∩ Sd = ∅, and we always have:
ωw({xn/n}) ⊂ L = K ∩ Sd . In particular, K ∩ Sd is convex.
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Proposition 3.2. See also [16,17]. We also use the result of [12] on the geometry of Banach
spaces stated in Section 2, after Notation 2.1, in (c).
Corollary 3.5. Let (xn)n0 be a weakly almost nonexpansive sequence in a Banach space X
such that {xn/n} is bounded, and let d = limn→∞ ‖xn/n‖. Then:
(i) If X is reflexive, then K and C are nonempty, and d(0,K) = d(0,C) = d .
(ii) If X is reflexive and strictly convex, then w-limn→∞ xn/n = PK0. Moreover PK0 = PC0,
with ‖PK0‖ = d .
(iii) If X∗ has Fréchet differentiable norm, then
xn
n
→ PK0 = PC0 as n → ∞.
(iv) 0 ∈ K if and only if 0 ∈ C, and in this case
xn
n
→ 0 as n → ∞.
4. Asymptotic properties of unbounded almost nonexpansive curves
In order to apply our results to quasi-autonomous dissipative systems (1.1), we study first the
asymptotic properties of almost nonexpansive curves in X, extending [10, Theorem 4.1] as well
as the results in [16,17].
First we need some lemmas.
Lemma 4.1. Let b :R+ → R+ be a continuous function satisfying b(t + s)  b(t) + b(s) +
(s), ∀t  s  0, where (s) 0 is bounded on each finite interval and lims→+∞((s)/s) = 0.
Then limt→+∞(b(t)/t) exists.
Proof. Let s > 0 be fixed. Then each t ∈ R+ can be written as: t = ns+r , with n being a positive
integer and 0 r < s. Therefore we get
b(t)
t
= b(ns + r)
ns + r 
b(ns)+ b(r)+ (r)
ns + r 
nb(s)+ b(r)+ (r)+ (n− 1)(s)
ns + r
 b(s)
s
+ b(r)+ (r)
ns + r +
(s)
s
 b(s)
s
+ (s)
s
+ sup0rs(b(r)+ (r))
ns + r ,
s > 0 being fixed, then as t → +∞, we have n → +∞; hence we get
lim sup
t→+∞
b(t)
t
 b(s)
s
+ (s)
s
.
Now letting s → +∞, we get
lim sup
b(t)
t
 lim inf
s→+∞
b(s)
s
,t→+∞
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completing the proof of the lemma. 
Corollary 4.2. Let (u(t))t0 be an almost nonexpansive curve in a Banach space X. Then
limt→+∞ ‖u(t)/t‖ exists.
Proof. Let b(t) = ‖u(t)−u(0)‖, ∀t ∈ R+. Then b is a continuous function from R+ to R+, and
satisfies
b(t + s) = ∥∥u(t + s)− u(0)∥∥ b(s)+ ∥∥u(t + s)− u(s)∥∥.
Now δ > 0 being the same as in Definition 2.1(d), we can write s = nδ + r with n being a
non-negative integer and 0 r < δ. Then for t  s we get
∥∥u(t + s)− u(s)∥∥= ∥∥u(t + nδ + r)− u(nδ + r)∥∥

∥∥u(t + nδ)− u(nδ)∥∥+ (t + nδ,nδ) b(t)+ n∑
i=0
(t + iδ, iδ).
Let η(i) = supt0 (t + iδ, iδ), for i  0, and (s) =
∑n
i=0 η(i), for s  0, where n is being
uniquely determined by s.
Then we have: b(t + s) b(s)+ b(t)+ (s), ∀t  s  0, with
lim
s→+∞
(s)
s
= lim
n→+∞
1
nδ + r
n∑
i=0
η(i) = 0.
Now an application of Lemma 4.1 completes the proof. 
Lemma 4.3. Let (u(t))t0 be an almost nonexpansive curve in a Banach space X, and let δ > 0
be as in Definition 2.1(d). Let t0  0 and h > 0 be fixed such that 0 < h δ, and let tn = nh+ t0
for n 0. Then xn = u(tn), for n 0, is an almost nonexpansive sequence in X and we have
lim
n→+∞ suptnttn+1
∥∥∥∥u(t)t − u(tn)tn
∥∥∥∥= 0.
Proof. We have
‖xi+1 − xj+1‖ =
∥∥u((i + 1)h+ t0)− u((j + 1)h+ t0)∥∥

∥∥u(ih+ t0)− u(jh+ t0)∥∥+ (ih+ t0, jh+ t0)
= ‖xi − xj‖ + (ih + t0, jh+ t0),
which shows that (xn)n0 is an almost nonexpansive sequence in X. Now we have: ∀n  1,
∀tn  t  tn+1,
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∥∥∥∥u(t)t − u(tn)tn
∥∥∥∥= ‖(tn − t)u(tn)+ tn(u(t)− u(tn))‖tnt
 tn+1 − tn
tn
∥∥∥∥u(tn)tn
∥∥∥∥+ ‖u(t)− u(tn)‖tn
 1
n
∥∥∥∥u(tn)tn
∥∥∥∥+ ‖u(t − (tn − t0))− u(t0)‖ +
∑n−1
i=0 (ti , ti + (t − tn))
tn
.
Hence
∀n 1, sup
tnttn+1
∥∥∥∥u(t)t − u(tn)tn
∥∥∥∥ 1n
∥∥∥∥u(tn)tn
∥∥∥∥+ 2nh supt0tt0+h
∥∥u(t)∥∥
+ 1
nh
n−1∑
i=0
sup
0sh
(ti , ti + s) −→
n→+∞0
since limn→+∞ ‖u(tn)tn ‖ exists by Corollary 4.2, and sup0sh (ti , ti + s) −→i→+∞0 since (u(t))t0
is an almost nonexpansive curve. The proof is now complete. 
Notation 4.1. The following notations will be used. For h > 0, Cu,h = ⋂∞n=0 clco{(u(t +
h) − u(t))tn}; Ku =⋂∞n=1 clco{(u(t)−u(0)t )tn} and Hu =⋂∞n=1 clco{(u(t)/t)tn}; then as re-
marked in Section 2, it is easy to show that Ku = Hu. Also if (u(t))t0 is an almost nonexpansive
curve in X, then Ku ⊂ 1hCu,h, ∀h > 0. In fact, let x ∈ Ku. If x /∈ 1hCu,h, then for some n0,
x /∈ 1
h
clco{(u(t + h)− u(t))tn}, ∀n n0. Then by the Hahn–Banach separation theorem, there
exist x∗ ∈ X∗ and α ∈ R such that (after summation from 1 to m), we have
〈x∗, x〉 < α <
〈
x∗, u(mh+ n0)− u(n0)
mh
〉
, ∀m 1.
Now for  > 0 small enough, there exists a convex combination such that∥∥∥∥∥
n∑
i=1
αni
u(ti)− u(0)
ti
− x
∥∥∥∥∥ , where αni  0,
n∑
i=1
αni = 1 and ti  n n0.
For each ti , there exists an integer ki such that kih + n0  ti < (ki + 1)h + n0. Then replacing
m by ki in the right-hand side of the above inequality, multiplying by αni and summing up
from i = 1 to n , with n  n0 being chosen large enough and  > 0 small enough, we get a
contradiction by using Lemma 4.3.
Theorem 4.4. Let (u(t))t0 be an almost nonexpansive curve in a Banach space X, and d =
limt→+∞ ‖u(t)/t‖. Let
Lu =
{
x ∈ X: d‖x∗‖ 〈x∗, x〉 lim inf
t→+∞
〈
x∗, u(t)
t
〉
, ∀x∗ ∈ X∗
}
.
Then Lu = ∅ if and only if Ku ∩ Sd = ∅, and we always have: ωw({u(t)/t}) ⊂ Lu = Ku ∩ Sd .
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empty and d(0,Ku) = d(0,Cu,h)h = d, ∀h > 0.
Proof. Let δ > 0 be as in Definition 2.1(d), and 0 < h  δ, and t0  0. Let tn = nh + t0 and
xn = u(tn) for n  0. Then we know from Lemma 4.3 that (xn)n0 is an almost nonexpansive
sequence in X, and
lim
n→+∞ suptnttn+1
∥∥∥∥u(t)t − u(tn)tn
∥∥∥∥= 0. (4.1)
Let Kh, Ch and Lh be the corresponding sets to the sequence {xn}. We have
lim
n→∞‖xn/n‖ = h limn→∞
∥∥u(tn)/tn∥∥= hd.
Therefore we get
Lh =
{
x ∈ X: d‖x∗‖
〈
x∗, x
h
〉
 lim inf
n→∞
〈
x∗, u(tn)
tn
〉
, ∀x∗ ∈ X∗
}
.
It follows from (4.1) that
ωw
({
u(t)/t
})= ωw({u(tn)/tn})= (1/h)ωw({xn/n}),
and Ku = 1/hKh, and Lu = 1/hLh.
Now by Proposition 3.2 and Theorem 3.3 we know that
ωw
({xn/n})⊂ Lh = Kh ∩ Shd .
Therefore
ωw
({
u(t)/t
})= 1/hωw({xn/n})⊂ 1/hLh = 1/hKh ∩ Sd = Lu = Ku ∩ Sd.
And it is clear that Lu is convex. Further we know that if ωw({u(t)/t}) = ∅, then
hd = lim
n→∞‖xn/n‖ = d(0,Kh) = d(0,Ch).
Hence
d = lim
t→+∞
∥∥u(t)/t∥∥= 1/hd(0,Kh) = d(0,Ku) = d(0,Ch)
h
, ∀h > 0.
Finally, if ωw({u(t)/t}) = ∅, then Ku, and hence also Cu,h are nonempty. On the other hand, we
have
(k/h)d(0,Kh/k) = (1/h)d(0,Kh), ∀k  1,
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d = d(0,Ku) = d(0,Ch)
h
= d(0,Cu,h)
h
, ∀h > 0.
The last equality holds by using the equality above it, the remark in Notation 4.1, and the fact
that u is uniformly continuous on R+, and therefore, given  > 0, we can find an integer k big
enough so that Cu,h ⊂ kCh/k + B(0,1), where B(0,1) is the unit ball of X. In fact, we have:
∀z ∈ Cu,h ∃x ∈ Ch/k such that ‖z − kx‖ . This implies that
hd
k
= d(0,Kh)
k
= d(0,Ch/k) ‖x‖ ‖z‖ + 
k
and therefore d  d(0,Cu,h)
h
, since  > 0 was arbitrary. The opposite inequality follows from the
remark in Notation 4.1, where we showed that Ku ⊂ 1hCu,h.
The proof of the theorem is now complete. 
Corollary 4.5. Let (u(t))t0 be an almost nonexpansive curve in a Banach space X and let
d = limt→+∞ ‖u(t)/t‖. Then:
(i) If X is reflexive, then for each h > 0,Ku and Cu,h are nonempty, and
d(0,Ku) = d(0,Cu,h)
h
= d.
(ii) If X is reflexive and strictly convex, then w-limt→+∞ u(t)t = PK0. Moreover, ∀h > 0,
PKu0 = 1hPCu,h0, with ‖PKu0‖ = d .(iii) If X∗ has Fréchet differentiable norm, then for every h > 0,
u(t)
t
→ PKu0 =
1
h
PCu,h0 as t → +∞.
(iv) 0 ∈ Ku if and only if 0 ∈ Cu,h for every h > 0, and in this case u(t)t → 0 as t → +∞.
The following problem still remains open.
Problem 4.1. Is it possible to get analogs of Theorems 3.3 and 4.4 for a weakly almost nonex-
pansive curve (u(t))t0 in a Banach space X, such that {u(t)/t} is bounded?
5. Applications to quasi-autonomous dissipative systems
In this section we consider the quasi-autonomous dissipative system (1.1), where A is an ac-
cretive (possibly multivalued) operator in X, u0 ∈ X, and f ∈ L1loc((0,∞);X). We study the
asymptotic properties of the unbounded (or, better stated, “not necessarily bounded”) integral
solution (u(t))t0 of this system (if any) under suitable conditions on f . Our results improve
upon [10, Theorem 5.6], see also [16,17], as well as the previous results by M.G. Crandall
(unpublished result; cf. Brézis [5], Pazy [21], Reich [24]) when X = H is a Hilbert space, by
Plant–Reich [22] and Reich [25] (for the autonomous case f ≡ 0) in the Banach space, and for
B. Djafari Rouhani / J. Differential Equations 229 (2006) 412–425 423the non-autonomous case by Reich [26, Proposition 1.2], where R(A) is assumed to have the
minimum property, by Reich [25, Remarks, p. 124], where A is assumed to satisfy the range
condition and the norm of X to be uniformly Gâteaux differentiable, and by Aizicovici, Londen
and Reich [1, Theorem 3.4] (for the case b ≡ 1 and g ≡ 0), where A is assumed to be m-accretive.
We remark that it appears our results are new even when A is assumed to be m-accretive,
in which case system (1.1) has a unique integral solution on every interval [0, T ] for each u0 ∈
D(A) (see, e.g., Barbu [2, Theorem 3.2.1, p. 124]).
First we recall the following lemma.
Lemma 5.1. If for every T > 0, u is an integral solution to system (1.1) on [0, T ], and if f
satisfies:
∃f∞ ∈ X, ∃δ > 0 such that lim
s→+∞
s+δ∫
s
∥∥f (θ)− f∞∥∥dθ = 0, (5.1)
then (u(t))t0 is an almost nonexpansive curve in X.
In particular, if f −f∞ ∈ Lp((0,+∞);X) for some f∞ ∈ X and 1 p < ∞, then (u(t))t0
is an almost nonexpansive curve in X.
Proof. See [10, Proposition 5.4 and Corollary 5.5]. 
Now we state our main result in this section.
Theorem 5.2. Assume u is an integral solution to system (1.1) on every interval [0, T ], and
f − f∞ ∈ Lp((0,+∞);X) for some f∞ ∈ X and 1  p < ∞ (or more generally f satisfies
(5.1)).
Then limt→+∞ ‖u(t)/t‖ = d exists. For h > 0, let Cu,h, Ku and Lu be as defined in Nota-
tion 4.1 and Theorem 4.4. Then Lu = ∅ if and only if Ku ∩ Sd = ∅, and we always have
ωw
({
u(t)/t
})⊂ Lu = Ku ∩ Sd.
In particular, Ku ∩ Sd is convex. Moreover if ωw({u(t)/t}) = ∅, then Ku and Cu,h are non-
empty and
d(0,Ku) = d(0,Cu,h)
h
= d, ∀h > 0.
Proof. In fact, by Lemma 5.1, (u(t))t0 is an almost nonexpansive curve in X. The result now
follows by applying Theorem 4.4. 
As a simple corollary, we obtain the results of [10, Theorem 5.6]; see also [16,17].
Corollary 5.3. With the same assumptions and notations as in Theorem 5.3, we have:
(i) If X is reflexive, then for each h > 0, Ku and Cu,h are nonempty, and
d(0,Ku) = d(0,Cu,h) = d.
h
424 B. Djafari Rouhani / J. Differential Equations 229 (2006) 412–425(ii) If X is reflexive and strictly convex, then w-limt→+∞ u(t)/t = PKu0. Moreover, ∀h > 0,
PKu0 = (1/h)PCu,h0, with ‖PKu0‖ = d .
(iii) If X∗ has Fréchet differentiable norm, then for every h > 0,
u(t)
t
→ PKu0 =
1
h
PCu,h0 as t → +∞.
(iv) 0 ∈ Ku if and only if 0 ∈ Cu,h for every h > 0, and in this case
u(t)
t
→ 0 as t → +∞.
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